Abstract. In this article we study the metric property and the function theory of asymptotically locally Euclidean (ALE) Kähler manifolds. In particular, we prove the Ricci flatness under the assumption that the Ricci curvature of such manifolds is either nonnegative or nonpositive. The result provides a generalization of previous gap type theorems established by Greene and Wu, Mok, Siu and Yau, etc. It can also be thought of as a general positive mass type result. The method also proves the Liouville properties of plurisubharmonic functions on such manifolds. We also give a characterization of Ricci flatness of an ALE Kähler manifold with nonnegative Ricci curvature in terms of the structure of its cone at infinity. §1. Introduction
§1. Introduction
In this paper, we will study the geometry of asymptotically locally Euclidean Kähler manifolds. Following [B-K-N] , a complete Riemannian manifold (M n , g) of real dimension n is said to be asymptotically locally Euclidean (ALE) with group G and of order λ(t), where λ(t) is a nonnegative function defined on (0, ∞) if there exist a compact set K of M , R > 0, a finite group G of O(n) acting freely on R n \ B 0 (R), and a diffeomorphism
, where π is the projection of R n \ B 0 (R) onto (R n \ B 0 (R)) /G, then
for some constant C. If this is the case, then the Christoffel symbols of h satisfy
for some constant C. In this work, we always assume that The research of the first author was partially supported by NSF grant DMS-0196405 and DMS-0203023, USA.
The research of the second author was partially supported by NSF of China, project 10001001. The research of the third author was partially supported by Earmarked Grant of Hong Kong #CUHK4217/99P. In [B-K-N] , λ(t) = t −η for some positive constant η > 0. In this case, we also say that M is ALE of order η. There are several similar definitions of ALE manifolds; see, for example, [Ba] , [J] , [Kr] , [L-P] . Our definition requires the weakest assumption.
We start with the relations of this work to that of other people. In [M-S-Y] (see also [Si-Y] ), Mok, Siu and Yau proved the following:
Theorem (Mok, Siu, and Yau Later, Greene and Wu [G-W 3] generalized the above gap theorem to Riemannian manifolds. They proved the following:
Theorem (Greene and Wu) . Let M n be a complete noncompact Riemannian manifold with dimension n ≥ 3. Suppose that (a) M has a pole; (b) M has nonnegative sectional curvature or M has nonpositive sectional curvature; (c) the scalar curvature R satisfies R(x) = O(r −2− (x)) for some > 0; and (d) for the case that M has nonnegative sectional curvature, the volume of B o (r) is greater than or equal to Cr n for some C > 0 for all r.
Then M is isometric to R n .
This theorem is not in the most general form in [G-W 3] . Moreover, many results in this direction have been obtained; see, for example, [G-P-Z] , [K-S] , [Ds] . See also [G-P-Z] , [Ge] for a more detailed history.
Note that the curvature tensor of the manifolds in both theorems of Mok, Siu, and Yau and Greene and Wu decay like r −2− with volume growth of B o (r) bounded below by Cr n where n is the real dimension of the manifolds. By [B-K-N, Theorem 1.1], such a manifold is ALE of order η for some η > 0. Notice also that in Mok, Siu, and Yau's theorem (i) , in one case, the assumption on the curvature is weaker. It was only assumed that the holomorphic bisectional curvature is nonnegative, while Greene and Wu's theorem works for both nonnegative or nonpositive sectional curvature. One might wonder whether Mok, Siu, and Yau's theorem (ii) is still true if the condition on sectional curvature is replaced by holomorphic bisectional curvature. In this paper, we give an affirmative answer to this question. Namely, we have the following: On the other hand, asymptotically flat manifolds have been studied by several people [L-P], [Ba] , etc. The studies are related to the generalization of the positive mass theorem of Schoen and Yau [Sc-Y] to higher dimensions. In particular, it was proved in [Ba] that a complete asymptotically flat manifold of dimension n of high enough order in the integral sense and with nonnegative Ricci curvature must be flat. The asymptotically locally Euclidean manifolds differ from the asymptotically flat manifolds by allowing a finite fundamental group at the infinity of the manifold. The presence of the finite group makes both the result and the proof of the above-mentioned positive mass type theorem no longer hold. In fact, many nonflat examples have been constructed in [E-H] , [G-H] , [C] , [H] , [Kr] , [J] , [T-Y] . Many of them are ALE Kähler with curvatures that decay faster than quadratic and are Ricci flat. Hence it is interesting to see whether the theorems of Mok, Siu and Yau and Greene and Wu can be generalized to the case of Ricci curvature. Namely, if in the assumptions of their theorems, holomorphic bisectional curvature or sectional curvature are replaced by Ricci curvature, then one would like to see whether the conclusion is still true if flatness is replaced by Ricci flatness, provided the curvature tensor has the same decay rates. It is also an interesting problem to generalize the positive mass type theorem for the asymptotically flat manifold to the asymptotically locally Euclidean manifolds. The following major result of this paper provides such a generalization. 
as r → ∞, and the same conclusion holds.
In particular, if M is a complete noncompact manifold with faster than quadratic decay curvature tensor, with Euclidean volume growth, and with nonnegative or nonpositive Ricci curvature, then M must be Ricci flat (see Corollary 3.1). Note that under the definition of ALE in [J] , [Kr] , etc., the assumption (b) or (b ) is automatic; our results then state that if an ALE Kähler metric has nonnegative or nonpositive Ricci curvature, then it is Ricci flat. In [T-Y] , and later [J, Theorem 3.3] , it was proved that if C m /G, for a finite group G ⊂ SU (m), admits a socalled crepant resolution (X, π), then each Kähler class of ALE Kähler metrics on X contains a unique Ricci-flat ALE Kähler metric. Our result then concludes that if a complex manifold X is a resolution of C m /G, then it is a crepant resolution if and only if it admits an ALE Kähler metric with nonnegative Ricci curvature. Moreover, the ALE Ricci flat Kähler metric constructed in [T-Y] and [J] is the only one with nonnegative (or nonpositive) Ricci curvature among each Kähler class. The result in [Yg] shows that (b) (or (b )) in Theorem 3.1 is also sharp.
Note that a complex submanifold of C N is of nonpositive holomorphic bisectional curvature. Using methods similar to the proof of Theorem 3.1, we give an alternative proof of an interesting result of Moore [Me, Theorem 2] , which says that if M m is a complete immersed complex submanifold in C N with complex dimension m ≥ 2 and with finite total scalar curvature, then M must be an affine complex linear subspace.
Some gap theorems were obtained under the assumption that the fundamental group of the tangent cone at infinity of the manifold is trivial; see [Ge] for a description. In our case, if M m is an ALE Kähler manifold, it is not hard to prove that the tangent cone of M has a complex structure and the group G in the definition of ALE manifold is a subgroup of U (m) with respect to this complex structure. If, in addition, M is simply connected and Ricci flat, then G is in fact in SU (m). It turns out that if M has nonnegative Ricci curvature, the condition that G ⊂ SU (m) is also sufficient for M to be Ricci flat. Hence, in this case, we can replace conditions (b) or (b ) in Theorem 3.1 above by the condition that G ⊂ SU (m). In fact, one can relax other conditions also; see Theorem 4.1 for details.
The methods in the proof of Theorem 3.1 can be used to study Liouville properties of plurisubharmonic functions on ALE Kähler manifolds. This kind of problem is closely related to the study of the geometry of the complex manifolds. For example, in the original proof of Mok, Siu and Yau's theorem (i), a bounded plurisubharmonic function u was constructed so that √ −1∂∂u is the Ricci form. Then it was proved that u is actually constant and hence M must be flat. The Liouville type problem that we are interested in is as follows. It is well known that on C, any subharmonic function of sublogarithmic growth is constant. Therefore, the same conclusion holds for plurisubharmonic functions on C m . It will be interesting to see under what conditions the same result still holds for Kähler manifolds. In [N] , the first author proved that if M can be compactified, then any bounded plurisubharmonic function on M is a constant. In this paper, we shall prove similar Liouville theorems for plurisubharmonic functions on complete ALE Kähler manifolds. For example, we show that on a complete ALE Kähler manifold of order η ≥ 2, any plurisubharmonic function of sublogarithmic growth must be a constant. Although it seems natural to study plurisubharmonic functions on complete Kähler manifolds, to the authors's knowledge, very little is known. It is conjectured that a similar Liouville theorem holds on complete Kähler manifolds with nonnegative Ricci curvature.
We hope that our results will be useful in classifying ALE Kähler manifolds, which so far has only been done, up to diffeomorphism, for hyper-Kähler surfaces in [Kr] . On the other hand, even if one could have a classification for all the ALE Kähler manifolds, it is unlikely that the proofs to Theorems 3.1 and 4.1 could be made any easier. It is an open question whether this result on Ricci flatness remains true in the category of Riemannian spin manifolds. This will be an interesting issue to investigate in the future.
The paper is organized as follows. In §2, we construct plurisubharmonic functions which will be used later. In §3, we study Ricci flatness of ALE Käher metrics in terms of curvature decays. In §4, we study Ricci flatness of ALE Kähler manifolds in terms of the group G at infinity. In §5, we will prove various Liouville-type theorems for plurisubharmonic functions on ALE Kähler manifolds. §2. Construction of plurisubharmonic exhaustion functions
) be a complete ALE Kähler manifold of complex dimension m of order λ(t) so that (1.1), (1.3) and (1.4) hold. In this section, we always use the same set-up as in the beginning of §1. We are going to construct plurisubharmonic exhaustion functions with various growth rates depending on λ(t).
First, let us begin with the following simple lemma. Proof. By (1.1), the assumption that lim t→∞ λ(t) = 0 and the fact that G is finite, the results follow easily.
Since q is invariant under the action of O(2m), then q descends to be a function on M \ K, which will also be denoted by q. 
at the pointx, where Hess(f ) is the Hessian of f and r(x) is the distance ofx from a fixed point.
Proof. By Lemma 2.1, it is easy to see that f is an exhaustion function. Also, it is sufficient to prove that the lemma is true for the function f (x) = q α (x) on R 2m \ B 0 (R) with the metric h with r(x) replaced by |x|. At a point x = (x 1 , . . . , x 2m ),
By (1.1)-(1.3), part (b) of the lemma follows. By Lemma 1.13 in [G-W 1] , to prove that f is strictly plurisubharmonic outside a compact set, it is sufficient to prove that at a point x outside some compact set of R 2m , if X and Y are unit vectors with X ⊥ Y with respect to h in the tangent space of x, then
for some positive constant C 1 . By Lemma 2.1 (b),
for some constant C 3 , and
for some constants C 4 , C 5 , where we have used the fact that |a| ≤ C|X| = C for some constant C independent of x and X, where X is a unit vector. Similarly,
Since X and Y are orthonormal (consider the vector
where the inner products are taken with respect to h. Hence,
for some constant C 7 . Combining (2.4)-(2.8), we have
if |x| is large. Here C 8 and C 9 are positive constants independent of x. This completes the proof of the lemma.
If M is ALE of order η ≥ 2, we may get a better exhaustion function. In this case, let 
at the pointx, where Hess(F ) is the Hessian of F and r(x) is the distance ofx from a fixed point.
Proof. It is sufficient to prove the case that η = 2. The proof of (b) is similar to that of Lemma 2.2. It is easy to see that F is an exhaustion function. It remains to prove that F is strictly plurisubharmonic outside a compact set. As in the proof of Lemma 2.2, it is sufficient to prove that F (x) = log q 1 (x) is strictly plurisubharmonic outside a compact set in R 2m \ B 0 (R) if 1 > α > 0 is chosen to be small enough. Using the same notation as in the proof of Lemma 2.2, we have
for some positive constants C 1 − C 4 independent of α. Hence, if α > 0 is small enough, F will be strictly plurisubharmonic outside a compact set.
If M m is ALE of order λ(t) which only satisfies (1.3), we still can construct a smooth exhaustion function that is strictly plurisubharmonic outside a compact set.
Lemma 2.4. Let M m be a complete noncompact Kähler manifold which is ALE of order λ(t), where λ satisfies (1.3). Let q be the function as in Lemma 2.2. Then the exhaustion function q is strictly a plurisubharmonic function outside a compact set.
Proof. The proof is similar to the proof of Lemma 2.2. We simply let α = 1 there and replace |x| −η by λ(|x|). It is easy to see that the lemma is true.
Next, we want to extend the strictly plurisubharmonic functions constructed in the previous lemmas to plurisubharmonic functions on M .
Lemma 2.5. Let M m be a complete noncompact Kähler manifold such that there exists a smooth exhaustion function f that is strictly plurisubharmonic outside a compact set. Then there is a smooth plurisubharmonic function h on M such that h ≡ λ(f + C) outside a compact set for some positive constant λ and constant C.
Moreover, h is strictly plurisubharmonic except possibly at finitely many compact nontrivial subvarieties.
Proof. First, note that there is an integer k such that any nontrivial compact subvariety of positive dimension is contained in a fixed compact set which is a subset of some sublevel set {f < k} by the maximum principle. We may assume that k = 0. Moreover, by multiplying f by a positive constant, without loss of generality, we may assume that f is strictly plurisubharmonic outside {f < −1}, which we may also assume to be nonempty and to have compact closure in {f < 0}. We may also assume that there exist positive integers k 2 > k 1 > 10 such that
Since every point of ∂Ω 2 is strictly pseudo-convex, by [Gt] (see Theorem 4 in [G-R, p. 273 
On the other hand, by the lemma in §3 in [Na] , there is a real analytic strictly plurisubharmonic exhaustion function ψ on Y . Hence, ψ • π is a C 2 function on Ω 2 which is strictly plurisubharmonic outside
Then we have a smooth plurisubharmonic exhaustion function φ = ψ • π on Ω 2 , which is strictly plurisubharmonic except possibly at finitely many nontrivial subvarieties of positive dimension. In particular, φ is strictly plurisubharmonic on Ω 2 \ Ω 0 . We may assume that φ > 0 on Ω 1 . Let λ = max Ω1 φ, which is positive. Define
Hence, g is locally Lipschitz continuous, strictly plurisubharmonic (in the weak sense) except possible outside the union L of finitely many nontrivial subvarieties with L being contained in Ω 0 . Moreover, g is smooth in Ω 0 and outside
Note that g is smooth outside K. We claim that for any > 0, there is a smooth function g defined on a neighborhood of W such that g is strictly plurisubharmonic on W and
Suppose the claim is true. Let ψ ≥ 0 be a smooth function such that ψ = 1 in V and ψ = 0 outside W . Let h = (1 − ψ)g + ψg . Then h is smooth. h = g in V and hence is strictly plurisubharmonic there. h = g in M \ W , which is a subset of Ω 0 ∪ (M \ Ω 1 ). Hence, h = φ or h = λf and h is also strictly plurisubharmonic there except at L. In particular, h = λf outside Ω 2 . It remains to consider the points in W \ V . In this set
Note that in this set g is smooth, g = φ or g = λf and g is strictly plurisubharmonic. Since ψ is a fixed cutoff function, it is easy to see that h is strictly plurisubharmonic in W \ V by (2.11) provided > 0 is small. We will prove (2.11) in the following lemma, which is essentially proved in section 4 of [G-W 2] For the sake of completeness we include a proof here. 
Proof. There exist coordinate neighborhoods O i and 
Since f is strictly plurisubharmonic on U , by convolution (mollifying), there is a function g 1 defined on P 1 such that g 1 is strictly plurisubharmonic on P 1 and
Hence, h is defined and smooth on P 1 and a neighborhood of W \ V . Moreover, |f − h| ≤ there and by choosing a better g 1 , we may also have
Now we extend h to a continuous strictly plurisubharmonic function on U in the following way:
f on the set where η = 1, max{f, h + 2 − 4 η} on the set 0 < η < 1, h + 2 on the set η = 0.
Note that near η = 1, h + 2 − 4 η < h − and near η = 0, h + 2 − 4 η > h + .
Since |f − h| ≤ , near η = 1, h 1 = f and near η = 0, h 1 = h + 2 . Hence, h 1 is well defined and continuous. Note that the complex Hessian of g 1 is bounded below by a fixed positive constant if > 0 is small because f is strictly plurisubharmonic. Hence, the complex Hessian of h is also bounded below by a positive constant. Since η is fixed, one can choose > 0 small enough so that h + 2 − 4 η is strictly plurisubharmonic. Hence, h 1 is strictly plurisubharmonic on U . Since 
Proof. We only consider the case that M has nonnegative Ricci curvature. The other case is similar. Let 0 < α < /(2m − 2) be a constant. By Proposition 2.1, since M is ALE of order η > 0, there is a smooth plurisubharmonic function u that is strictly plurisubharmonic except possibly at finitely many nontrivial subvarieties
where r(x) is the distance from x ∈ M to o. Let x 0 / ∈ k j=1 V j be any point. Then u is strictly plurisubharmonic at x 0 . Suppose Ric(x 0 ) = 0. Then
On the other hand, if R > r(x 0 ) + 1, using the fact that u is plurisubharmonic and Ric is nonnegative everywhere, we have
for some constant C 3 independent of R. Here we have used (3.1) and (3.2). By assumption (b) and Lemma 2.1(c), there exist R i → ∞ such that
for some constant C 3 independent of i. Combining this with (3.4), we have
which contradicts (3.3). We conclude that Ric(x 0 ) = 0 and hence Ric ≡ 0 on M \ k j=1 V j . Therefore, we must have Ric ≡ 0. Suppose η ≥ 2. Then one can choose a u that satisfies (3.1) and (3.2) with α = 0. Hence, (3.4) becomes
Integrating from R/2 to R with R/2 > r(x 0 ) + 1, we have 1
for some positive constant C 4 independent of R. Here we have used the fact that
Letting R → ∞, we have (3.5) again. We conclude that M is Ricci flat as before. (ii) By Remark 2.1, the assumption that M is ALE can be replaced by the assumption that M has finitely many ends such that each end is ALE. Of course, in case M has nonnegative Ricci curvature, then M must have only one end by [C-G] . We should mention that when M has nonnegative holomorphic bisectional curvature, our result is only a special case of Chen and Zhu [C-Z] ; see also [S] .
It turns out that the method used in the proof of Theorem 3.1 can give a simple but very different proof of a result of Moore [Me, Theorem 2] , which is also related to a result of Kasue [Ka] : 
where Hess M and Hess C N are the Hessians of h with respect to M and C N respectively. Using (3.8), we have for z ∈ M , (3.10)
Then h is strictly plurisubharmonic on C N and hence on M , because M is a complex submanifold. By (3.9), (3.10) and (3.7), there exist constants C 2 , C 3 > 0 such that for any z ∈ M ,
By (3.8), we conclude that the curvature tensor of M satisfies
for some constant C 4 > 0 and by Theorem 3.1 in [An] ,
for some constant C. Hence, there exist R i → ∞ and
. Then we can proceed as in the proof of Theorem 3.1, since the holomorphic bisectional curvature of M is nonpositive. Namely, let z 0 ∈ M and suppose the Ric M (z 0 ) = 0. Using (3.11), (3.12) and (3.13), as in the proof of (3.4), there is a constant C 6 such that if R i is large enough,
where R is the scalar curvature of M . 
Let G be the group in the definition of an ALE manifold in §1. We will give a characterization of Ricci flatness in terms of G. In particular, we will replace condition (b) or (b ) in Theorem 3.1 by a condition on G. Moreover, we will only assume λ(t) to satisfy (4.1), instead of assuming λ(t) = t −η for some η > 0 as in Theorem 3.1. For example, λ(t) may be of the form t −1 (log t) −1− for some > 0.
Using the notation in §1, recall that we have diffeomorphisms
Here R 0 > 0 is a fixed number and K is a compact set. Let h = φ * g be the pullback metric. Then the definition of ALE provides
for some constant C. First, we construct the complex structure on the tangent cone R 2m \B 0 (R 0 ) /G. Let J M be the complex structure on M and let J be the pullback of
where the differential φ * of φ is an isomorphism at each point. In the standard coordinates (
where I is the identity matrix.
Lemma 4.1. With the above assumptions and notation, the following are true:
for some constant C for all x and 1 ≤ i, j, k ≤ 2m. Proof. Since h is the pullback metric of g which is Kähler, if ∇ is the covariant differentiation with respect to h, then 
for some constant C 1 , where
infinity, one can conclude that ||J|| is bounded. From this and (4.3), (b) follows.
To prove (a), let x and x be two points, such that |x| ≥ |x |; by (b) there exists a constant C 2 independent of x and x such that 
Here γ can be considered as a constant matrix. Hence (e) is true.
By (c) and (d) we can conclude thatJ = S
, where J 0 is the standard complex structure on R 2m , namely
Hence, by conjugating with S we may assume thatJ is the standard complex structure. For simplicity, we callJ the complex structure of the tangent cone of M . With respect to this complex structure, G ⊂ U (m). The following proposition may be well known. is denoted by the same notation. Then Θ is also a nontrivial parallel (m, 0) with respect to the complex structure J.
We claim that by passing to a subsequence, Θ i → Θ ∞ uniformly on compact subsets of R 2m \ B 0 (R 0 ). Moreover, Θ ∞ is invariant under G, is parallel with respect to the Euclidean metric and is nontrivial.
Indeed, if we write
where I is a multi-index dx I = dx i1 ⊗ · · · ⊗ dx im which form a basis for the tensor fields, then since Θ is parallel, by (4.1) and (4.2), we have
for some positive constant C 1 > 0 independent of x. Here ||Θ|| is the norm of Θ with respect to h. In particular, |f I | are uniformly bounded because ||Θ|| is a constant. Since Θ is parallel with respect to h, by (4.2) and the definition of covariant derivative, we have
where
In particular, f i,I are equicontinuous on compact sets. Passing to a subsequence, if necessary, we conclude that the Θ i converge uniformly on compact sets in R 2m \ B 0 (R 0 ). By (4.6), passing to a subsequence, we have f i,I → a I , which is a constant. Note that Θ and hence Θ i is invariant under G. Hence Θ ∞ = |I|=m a I dx I is also invariant under G. By (4.4), we know that Θ ∞ is nontrivial. It is obviously parallel with respect to the Euclidean metric because a I are constants. We may assume that the complex structure of the tangent cone of M is the standard one J 0 ; that is,
Let us write
It is easy to see that e 1 , . . . , e m form a basis for the (1, 0) forms with respect to J. Let e
Since Θ is a holomorphic (m, 0) form with respect to J,
. Note that by (4.2) and the fact that ||Θ|| is a constant, φ is bounded. By (4.6) and (4.1), we have
for some constant a which is nonzero because of (4.4). Since Θ ∞ is invariant under G, we must have det γ = 1 for all γ ∈ G. Since G ⊂ U (m) with respect to J 0 , we conclude that G ⊂ SU (m).
In case M is an ALE Kähler manifold with nonnegative Ricci curvature, one may replace the condition on curvature decay in Theorem 3.1 by a reasonable condition on G. More precisely, we will prove that G being in SU (m) is also sufficient for the Ricci flatness of M . We will need various forms of Bochner-Weitzenböck formulae. Let ∆ d = dδ + δd, where δ is the adjoint of d with respect to the Riemannian metric on M . Let ∆∂ =∂∂ * +∂ * ∂ , where∂ * is the adjoint of∂ with respect to the Kähler metric on M . Then
The following is well known.
where 
Combining the above two equalities with
we have (a). If φ is an (m, 1) form, then we write φ = φkdz 1 ∧ · · · ∧ dz m ∧ dz k . Theorem 6.1 and Theorem 6.2 of [M-K] again imply that
Then a similar calculation proves (b). Proof. By [Be, Proposition 10.29] , it is sufficient to construct a nontrivial parallel holomorphic (m, 0) form on M . To this end, we first construct an "almost" parallel (m, 0) form on M .
Using the notation as in the beginning of this section, let (x 1 , . . . , x 2m ) be the standard coordinates in R 2m . We may assume that the complex structure J 0 on the tangent cone is the standard one such that
Thenω is an (m, 0) form with respect to J. By Lemma 4.1, we conclude thatω is never zero near infinity. Let
where the inner product and the norm are taken with respect to the metric h. Since G ⊂ SU (m) with respect to J 0 , ω 0 descends to an m form on M \ K. Since ω is just the (m, 0) part of ω 0 with respect to J which is the pullback of J M , ω also descends to M near infinity. We will also denote this form by ω. 
for some constant C 1 independent ofx, whereλ is a nonnegative function on [0, ∞) satisfying (4.1). Extend ω to be a smooth (m, 0) form on M so that it equals to ω outside a compact set. We still denote this form by ω. For any R > 0, by [My, p. 316, Theorem 7.8.4] , there is a unique m form Θ R on B o (R), where o is a fixed point in M , such that
It is easy to see that Θ R is an (m, 0) form because ∆ d is a real operator. Since ||Θ R || 2 is subharmonic by the Bochner-Weitzenböck formula (Lemma 4.2(a)), we have (4.9) sup
for some constant C 1 independent of R. By the interior Schauder estimates of elliptic systems [My, Theorem 5.5.3] , after passing to a subsequence if necessary, Θ R converges uniformly on compact sets in M to an (m, 0) form Θ. We want to prove that Θ is nontrivial, holomorphic, and parallel.
To prove Θ is nontrivial, let
On the other hand, by the Bochner-Weitzenböck formula in Lemma 4.2(a), we have
where we have used the fact that R(x), the scalar curvature of M , is nonnegative and that ∆∂ = 
where G R is the positive Green's function on B o (R) with zero boundary value.
, integrating by parts in (4.10), noting that the singularity of G R atx does not cause any trouble, we have
for some constants C 3 − C 6 independent of R. Here we have used (4.8), the fact that Li and Yau's [L-Y] estimate on the Green's function, the fact that M has maximal volume growth, and that ||ω R ||, ||ω|| are bounded (by (4.7) and (4.9)). We have also used the fact that Finally, we want to prove that Θ is parallel. Since Θ is a holomorphic (m, 0) form, M has nonnegative Ricci curvature and ||Θ|| 2 is plurisubharmonic. Since M is ALE of order λ(t), by Proposition 2.1(a), M supports a plurisubharmonic function that is strictly plurisubharmonic everywhere except possibly at a finite number of compact nontrivial subvarieties. Also (∂∂Θ) m = 0 by Proposition 4.1 of [N] . Hence, by the minimal principle of [B-T] and (4.18), ||Θ|| ≡ 1. Since Θ is a holomorphic (m, 0) form, by the Bochner-Weitzenböck formula in Lemma 4.2(a),
Hence, we conclude that Θ is parallel. This completes the proof of the theorem. §5. Liouville theorems for plurisubharmonic functions on ALE manifolds
It was proved by Yau [Y] and Cheng and Yau [C-Y] that there is no nonconstant harmonic function with sublinear growth on a complete noncompact manifold with nonnegative Ricci curvature. This is certainly not true for subharmonic functions. However in C, there is no nonconstant subharmonic function that grows slower than log r where r is the distance function. Hence, this is also true for plurisubharmonic functions on We also say that M has Liouville property for plurisubharmonic functions if any bounded plurisubharmonic function on M is constant. All functions are assumed to be smooth in our consideration. In [N] , the first author proved that if M is a quasiprojective variety, then M has Liouville property for plurisubharmonic functions. Some other results were also obtained in [N-S-T] on certain Kähler manifolds with nonnegative Ricci curvature. Notice that the Ricci form of a Kähler manifold with nonnegative (or nonpositive) Ricci curvature is a nonnegative (or nonpositive) real (1,1) form. On the other hand, for a plurisubharmonic function u, √ −1∂∂u is also a nonnegative real (1,1) form. Hence, it is not surprising that the methods in §3 might be useful in the study of the strong Liouville property for plurisubharmonic functions on ALE Kähler manifolds. This is the purpose of this section. To be consistent with the notation in §4, ∆ is again the negative of the usual Beltrami-Laplace operator for functions on manifolds.
We first start with the following lemma. 
Proof. First note that it is sufficient to prove (5.2) with x = o. Moreover, (5.2) is equivalent to
for some r 0 . Lift u and f to be functions in R 2m \ B 0 (R) and extend u and f to be smooth functions on R 2m , which will also be denoted by u and f . Moreover, extend the pullback metric h on R 2m \ B 0 (R) to R 2m , which will also be denoted by h. Then with respect to this metric, −∆u = f outside a compact set. Since h is uniformly equivalent to the Euclidean metric, the minimal positive Green's function is equivalent to the minimal positive Green's function of R 2m with the standard metric [L-S-W, p. 67]. We can find a function σ which is asymptotically zero at infinity and ifũ = u + σ, then −∆ũ = f on R 2m with lim sup x→∞ũ (x)/ log |x| = 0. Here we denote the points on R 2m by x again. In this set-up, it is sufficient to prove (5.3) on R 2m with the lifted f . Since f is nonnegative outside a compact set and h is uniformly equivalent to the Euclidean metric, one can use Lemma 2.1 together with Remark 1.1 in [T] , proceed as in the proof Theorem 2.1 in [N-S-T] and one can prove that the lemma is true. Here one also uses the fact that for fixed r 0 ,
B0(r0)
G R (0, y)dv y is uniformly bounded independent of R. as r → ∞. Hence one can proceed as in the proof of Theorem 3.1 to conclude that ∂∂ψ ≡ 0. We claim that ψ is asymptotically constant at infinity. If this is true, then ψ must be constant by the maximum principle. To prove the claim, we can lift ψ to be a function on R 2m \ B 0 (R) for some R. We can also extend the pullback metric h to the whole R 2m . We also extend ψ to be smooth in R 2m . Since this metric is uniformly equivalent to the Euclidean metric, there is a function σ such that σ(x) → 0 as x → ∞ and σ + ψ is harmonic with respect to h. Here we denote the points in R 2m by x again. By Moser's Harnack inequality [Mr] and the fact that σ(x) + ψ(x) ≤ log |x| for large |x|, if R is large, then |σ + ψ| ≤ C 3 (log R + 1) for some constant independent of R. By Moser's result again [Mr] , σ + ψ must be constant. Since σ(x) → 0 as x → ∞, we conclude that ψ is asymptotically constant near infinity of R 2m and hence is asymptotically constant near infinity of M . This completes the proof of the theorem. In the proof of Theorem 5.1, one only needs the existence of a smooth plurisubharmonic function u that is strictly plurisubharmonic outside a set of measure zero and satisfies |∇u(x)| ≤ Cr −1 (x) and √ −1∂∂u(x) ≤ Cr −2 (x) for some constant C, provided the manifold has strong Liouville property for harmonic functions: Every harmonic function ψ on M with lim sup x→∞ ψ(x)/ log r(x) = 0 is constant. Hence, by the result of [N-S-T] (see also [Mk] ), we have the following. Then M has strong Liouville property for plurisubharmonic functions.
Proof. By [N-S-T] , a strictly plurisubharmonic function u satisfying the above mentioned properties can be constructed by solving the Poisson equation on M (cf.
Theorem 5.1 and Corollary 1.2 in [N-S-T] ). By the gradient estimate of [C-Y] , M also has the strong Liouville property for harmonic functions. Using Theorem 2.1 of [N-S-T] we also have r 0 t V o (t) Bo(t) −∆ψ dv y dt = o(log r).
The result then follows by the argument in the proof of Theorem 3.1.
